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It has long been noticed that Laudau-Lifshitz theory can be used to study the fluctuation of
a system that contains a black hole. Since the black string can be constructed by extending n-
dimensional black hole into one extra dimension. We study the fluctuation of black string flow
with a Schwarzschlid-like metric in D=n+1 dimensional spacetime and a charged solution in D=5
dimensional spacetime and get the second moments of the fluctuation of the mass flux and charge
flux.
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I. INTRODUCTION
String theory is a competitive candidate for the quan-
tum theory of gravity and the unification of all inter-
actions in nature. Because string theory requires extra
dimensions to keep its consistency, it gives us a strong
motivation to study the higher dimensional black hole
when we consider gravity in string theory.
Recently, an exact solution for a black string flow was
given in [1]. In such a configuration, we do not need a
negative cosmological constant to assure the existence of
the black string which is necessary for the black string
motivated by AdS/CFT correspondence [2–4]. In this
construction the horizon of this black string flow is closely
similar to black funnels in [2–8].
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The construction of the black string flow is as flows.
A thin black string falls freely into a very large black
hole. The size of the black string rbs and black hole
rbh have such a relation rbh ≫ rbs. Since the black
string is free-falling, one can expect that the two hori-
zons merge into each other smoothly. In this picture,
because the black string is falling, the thin black string
will pour mass (and charge) to the large black hole. As
a consequence, the black hole and black string can be
regarded as a non-equilibrium system. Since we have the
rbh ≫ rbs, it is reasonable to say that the current of the
flow is relatively small. If we study this phenomenon in
a small time interval, which means that the time scale of
any measurement we do here is much shorter than the
time scale of the process itself, we can study the non-
equilibrium thermodynamic fluctuations of the growing
black hole that forms on the infinitely large black hole
‘background’ i.e. the contact part. The method we used
here is the Laudau-Lifshitz theory [9] which has been suc-
cessfully used to study the evaporation of different kinds
of black holes[10–15]. By this theory, we found the sec-
ond moment of fluctuation of different black string flow
and what kind of parameters can affect the fluctuation.
This article is organised as: In section 2, we study
the evolution of horizon flow. In section 3, we use the
Laudau-Lifshitz theory to analyse the fluctuation of the
flow. In section 4, we introduce charges into the system
to see how these will affect the fluctuation. Section 5 is
the conclusion and outlook.
II. NULL HYPERSURFACE AND ITS
EVOLUTION
Suppose that we have a thin black string whose ra-
dium is rhs, and freely falls into a infinitely large black
hole. To illustrate the whole process, we plot a general
graph. In Fig.1, the black line denotes the black string,
the gray part denotes the infinitely large black hole, the
dashed line is the place where the black string and black
hole meet and the arrows point the direction of the black
2z
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FIG. 1: An illustration of the black string flow. The black line
denotes the black string, the gray part denotes the infinitely
large black hole, the dashed line is the place where the black
string and black hole meet and the arrows point the direction
of the black string flow.
string flow.
InD = n+1 spacetime, the black string has the general
form
ds2 = gµνdx
µdxν + dz2 (1)
where gµνdx
µdxν can be the metric of any n dimensional
black hole spacetime. When gµν is Schwarzschild, the
resulting metric is
ds2 = −
(
1−
(r0
r
)n)
dt2 + dz2 +
dr2
1−
(
r0
r
)n + r2dΩn+1
(2)
When the black string is free falling, based on [1], we get
dr
dt
=
(r0
r
)n
2
−
(r0
r
) 3n
2
(3)
,
dz
dt
= 1−
(r0
r
)n
(4)
and the horizon of the black string flow. In Fig.2, we
plot the behaviour of Eq.(4) with n = 2 and r0 = 5.
The derivative of r with respect to t decreases as the
radius increases. When the radius is large enough the
variation of r is relatively small comparing to the size of
the flowing system. In Eq.(4), the derivative of z with
respect to t is the speed of the falling black string. When
r is large enough this speed can be regarded as a constant.
In Fig.3, we show the appearance of horizon of the black
string flow and the motion of the horizon when n = 2 and
r0 = 1 where the curves are the outline of the horizon at
t = 5 and t = 7. In Fig.4, we show the evolution of the
horizons on time when n = 2 and r0 = 1. This shows
the outline of the horizon at different time. When r is
small the growing is significant, but when r is large this
phenomenon is insignificant i.e. the process is very slow.
Since when r is very large the speed of the flow is a steady
flow and the growing of the horizon is very slow, we can
use the Laudau-Lifshitz theory to study this system.
Now we take a slice of the black string at the point
where the black string and the black hole meet together.
FIG. 2: The behaviour of the Eq.(3) when n = 2 and r0 = 5.
As the r increases, the change of the r decreases significantly.
FIG. 3: The appearance of horizon of black string flow when
n = 2 and r0 = 1. The curves show the outline of the horizon
at different time.
The segment can be regarded as a black hole. Recall-
ing that the n-dimensional volume of a Euclidean ball of
radius R in n-dimensional Euclidean space is
Vn (R) =
pi
n
2
Γ
(
n
2
+ 1
)Rn (5)
where Γ is gamma function. The surface area of n-sphere
of radius R is the boundary of the n+1-ball of radius R.
FIG. 4: The outline of the horizon at different time in r direc-
tion. The first circle in center is the outline of the horizon at
t = 10. The last circle is the outline of the horizon at t = 150.
The time interval between every two neighbouring circles is
the same, dt = 10.
3The we have the following relation
An (R) =
d
dR
Vn+1 (R) (6)
Then the surface area of the black hole formed on the
segment is
An+1 (rh) =
d
drh
Vn+2 (rh) (7)
= (n+ 2)
pi
n
2
+1
Γ
(
n
2
+ 2
) (rn+1h − rn+10 )
In Eq.(7) we subtract the rn+10 term, because it is the
surface area of the black string. Then the entropy of the
black hole in D = n+ 4 spacetime dimension is
Sn+4 =
An+1
4
= (n+ 2)
pi
n
2
+1
Γ
(
n
2
+ 2
) (rn+1h − rn+10 ) (8)
The rh in Eqs. (7) and (8) is the horizon of the black
hole which is formed by the black string flow. Then we
have
dSn+4
dt
= (n+ 1) (n+ 2)
pi
n
2
+1
Γ
(
n
2
+ 2
)rnh drhdt (9)
This is the evolution of the entropy with respect to time.
III. NON-EQUILIBRIUM THERMODYNAMIC
FLUCTUATION
When the size of the black string r0 is much smaller
than the size of the black hole at the point of their
contact, we may approximate the process to a non-
equilibrium steady state process. We can use Landau-
Lifshitz theory to study the non-equilibrium thermody-
namic fluctuations of the black string flow. Such a theory
has been applied well in the black hole system[10–15].
According to the Landau-Lifshitz theory, in a
fluctuation-dissipative process the flux x˙ for a given ther-
modynamic quantity xi is
x˙i = −ΓijXj (10)
and the rate of entropy production is
S˙ = ±Xix˙i (11)
Here the positive sign represents the contribution to the
entropy rate from the non-concave parts in the entropy
and the minus sign is for other conditions. Then the
second moments in the fluctuation of the fluxes is[9]
〈δx˙iδx˙j〉 = (Γij + Γji) δij (12)
From (10) to (12), the quantities Γij are the phenomeno-
logical transport coefficients (or Onsager phenomenolog-
ical transport coefficients) and X is the thermodynamic
force that is conjugate to the flux x˙i. The dot represents
their derivative with respect to time t.
For a given length in z direction, z = L, the total mass
of the black string is
M = Lm0 (13)
where r0 = 2m0. By substituting it in (4), we have
m˙ = m0
(
1−
(
2m0
r
)n)
(14)
Since we have (9), we can get
S˙n+4 =
d
dt
(
(n+ 2)
pi
n
2
+1
Γ
(
n
2
+ 2
) (rn+1 − rn+10 )
)
= 2n+1 (n+ 2) (n+ 1)
pi
n
2
+1
Γ
(
n
2
+ 2
)m0
(
1−
(
2m0
r
)n)
mn
Then according to Eq.(11) the thermodynamic force con-
jugate to m˙ is
FM = −2
n+1 (n+ 2) (n+ 1)
pi
n
2
+1mn
Γ
(
n
2
+ 2
) (15)
What we have calculated above is not the non-concave
part of the entropy. According to Eq.(10), the transport
coefficient with respect to this is
Γmm =
m0
(
1−
(
2m0
r
)n)
Γ
(
n
2
+ 2
)
2n+1 (n+ 2) (n+ 1)pi
n
2
+1mn
(16)
Then by Eq.(12), we have the second moments in the
fluctuation of the mass flux
〈δm˙δm˙〉 =
m0
(
1−
(
2m0
r
)n)
Γ
(
n
2
+ 2
)
2n (n+ 2) (n+ 1)pi
n
2
+1mn
(17)
4In Eqs.(15)-(17), m denotes the mass which has already
flowed on the black hole from the black string. Then
based on Eqs.(14) and (15) the second moment in the
fluctuation of entropy is
〈
δS˙n+4δS˙n+4
〉
= 2n+1 (n+ 2) (n+ 1)
pi
n
2
+1
Γ
(
n
2
+ 2
)mn 〈δm˙δm˙〉 (18)
The second moment in the fluctuation of entropy shows
that it is driven by two kinds of parameters: the first one
is the parameter related with the black hole that is m;
the second one is the parameter related with the string
flow that is r. In Eq.(18), the fluctuation of entropy can
not diverge.
IV. FLUCTUATION FOR CHARGED FLOWS
For a more general black string metric we can introduce
the electric charges. Let m0 and q0 denote the mass and
charge of the black string and letm and q denote the mass
and charge already on the black hole. For simplicity we
just consider the condition that the dimension is D=5
ds2 = −∆dt2 +
dr2
∆
+ Zdz2 + r2dΩ2 (19)
with
∆ = 1−
2m0
r
+
q20
r2
(20)
where Z is a metric function which should be positive
outside the black sting horizon and should tend to 1 at
r → ∞. Comparing with the previous analysis [1], we
have
dr
dt
= ∆
√
Z −∆
∆
and
dz
dt
=
∆
Z
(21)
Under the D=5 condition, the entropy of the charged
black hole formed by the flowing charged black string is
S5 =
A2
4
= pi
(
R2+ − r
2
+
)
(22)
Here r+ = m0 +
√
m20 − q
2
0 is the outer horizon of the
black string and the R+ = m +
√
m2 − q2 is the outer
horizon of black hole. According to Eq.(22), the deriva-
tive of the entropy with respect to time is
S˙ = 2pi
R+
m2 − q2
(R+m˙− qq˙) (23)
Based on Eq.(21), the mass flux is
m˙ = m0
∆
Z
+
q
R+
q˙ (24)
and the charge flux is
q˙ = q0
∆
Z
(25)
In Eq.(24), the second term accounts for the coupling
between the gain rates of the mass and electric charge[16].
These give us the second moments in the fluctuation of
the flux(for details, see appendix A)
〈δm˙δm˙〉 =
(
m2 − q2
)
m0∆
piR2+Z
(26)
〈δq˙δq˙〉 = −
2
(
m2 − q2
)
q0∆
piqR+Z
(27)
and
〈δm˙δq˙〉 = −
(
m2 − q2
)
q0∆
piR2+Z
(28)
The second moments in the entropy can be calculated
from Eq.(23), we can get
〈
δS˙δS˙
〉
=
(
2pi
R+
m2 − q2
)2 (
R2+ 〈δm˙δm˙〉+ q
2 〈δq˙δq˙〉 − 2qR+ 〈δm˙δq˙〉
)
(29)
According to statistical mechanics, the phase transitions
are usually related to the divergence of the relevant sec-
ond moments[9]. Obviously, when m = q the Eq.(29) di-
verges. This indicates that a critical phenomenon takes
place. This phenomenon is only controlled by the vari-
able of the black hole formed by the black string flow.
5However, when ∆ = Z Eqs.(26)-(28) show that the sec-
ond moments in the fluctuation of the fluxes are indepen-
dent of the metric of the black string flow. In Ref.[1], this
indicates that the system reaches a thermal equilibrium
state. In this state, ∆ = Z, there is no flow actually. Eqs.
(26)-(28) then just show fluctuations around the thermal
equilibrium state. In addition, we can define such a pa-
rameter η = m − q. Then the second moments Eq.(29)
diverge when η → 0. Basing on the arguments in [12],
η can be regarded as an order parameter in the Landau
order-disorder phase transition. The η = 0 case repre-
sents the symmetric phase, in which the whole system
is under the extremal condition. The η 6= 0 represents
the symmetry broken phase, in which the whole system
is under non-extremal condition.
V. CONCLUSION AND OUTLOOK
The black string flow we analyse here is an approxi-
mate system that a black string smoothly merges into
a black hole. In this paper, we investigated the non-
equilibrium thermodynamic fluctuations of the black
string flow and charged black string flow. We have con-
sidered black hole growing as a non-equilibrium ther-
modynamic process because the black string pours mass
(and charge) into the black hole. According to Landau-
Lifshitz theory, the divergence of second order momen-
tum of thermodynamic fluctuation is the signature of
phase transitions, we find that in black string flow the
second momentum of the flux does not diverge. How-
ever, in charged black string flow condition, the second
momentum of the flux is divergent at m = q, i.e. at the
extremal conditions. Even though the phase transition
does not depend on the property of the black string, the
parameters such as ∆ and Z of the black string can af-
fect the fluctuation of the black hole. When the system
reaches thermodynamic equilibrium state at ∆ = Z, the
fluctuation is free from the black string, the phase tran-
sition only depends on the parameter of the black hole.
Such a fluctuation may affect some observations at as-
trophysical scale, for example, through the gravitational
lensing[17] and the motion of test particles[18][19].
A similar configuration, the black string with rotation
(and charged)[20], can be used to study the fluctuation in
that system. In section 4, we just considered the charged
string that is the black string with electric charges. For
the string-charged, i.e., the strings are electric sources of
a 2-form potential Bµν , or 0-brane charge that sources
a Maxwell potential Aµ. Since the black string flow so-
lution with charge and rotation can reach a thermody-
namic equilibrium at the extreme limit, we may study
the thermodynamic equilibrium fluctuation of the black
string flow by using the thermodynamic curvature that
has been applied well in this field[21–28].
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Appendix
Appendix A: Calculations about the fluctuation of
charged flows
In this appendix, we give the details about the calcu-
lations of Eq.(26) in section 4.
According to Eqs.(10) and (24), we have
m0
∆
Z
+
q
R+
q˙ = −ΓmmFM − ΓmqFQ (A1)
In Eq.(24), the first term relates to the mass flow directly,
the second term is the coupling between the gain rates
of the mass and the electric charge. This is due to a fact
that the potential energy of black string flow will increase
when this flow pours down to the black hole. Then we
can write Eq.(A1) into two independent terms. They are
m0
∆
Z
= −ΓmmFM and
q
R+
q˙ = −ΓmqFQ (A2)
Then basing on Eqs.(11) and (23), we know the thermo-
dynamic forces conjugate to the flux of mass and charge
are1
FM = −2pi
R2+
m2 − q2
and FQ = 2pi
R+q
m2 − q2
(A3)
According to Eq.(A2) the transport coefficient are
Γmm =
m0∆
(
m2 − q2
)
2piZR2+
and Γmq = −
(
m2 − q2
)
q0∆
2piR2+Z
(A4)
Then we can get Eq.(26), and given the Onsager rela-
tion Γij = Γji we have Eq.(28). We can use the similar
process to get Eq.(27), too.
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